LOGIC 1 TUTORIAL NOTES 1986-7

WEEK 8

The “relevant"?logic R, designed to avoid paradoxes of material implication,
is most conveniently formulated by allowing assumptions to be combined in two
ways, so that assumption numbers may be separated by commas (,) or by semi-
colons (;). The intuitive idea is that

A.B ettails C
iff A and B capnot both be true and C false, while

A;B ehtails ¢
iff A gives usia licence to infer C from B.

Some of the ru&es have to be stated carefully.

|
| .
X :+ |A Y : B
i . - (&I)
' X, Y : A%B note the comma.
|
X A8 Y : A
i (MPP)
‘ X;¥ : B note the semicolon.
X;A : B _ note the semicolon.
' (CP)
| X + A=+>8
As in Lemmon's orthodox system, within bunches of a uniform type (all "," or

all ";") orderland repetitions don't matter. So we can allow

3 iP 3 : Q
{&I)
3 : P¥Q
for instance. | We do not, however, allow

i .

;3 ¢ p 23 @ -
i (?)
| (1,2);3 ¢ P& Q
| . ‘

as an applicatﬁon of &I, because it is not of the given form - &I would give

| (133),(2:33) : P& Q
|

which is a diféerent sequent. The following broof illustrates the rules.

1 (1* P20 A
2 (2) Q 2R A
3 (3) P A
1,2 (4) (P 2 Q) & (@ 9 R) 1,2 &1
1,2 (50 P 4 &E { This unifies the L.H.S.
1,2 (6) @R 4 &E . of the two conditionals }
(1,2):3 (7) Q 3,5 MPP
(1,2);3 (8) R ... B,7 MPP { Two ocurrences of (1,2)

are treated as one here }
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The other rules which have to be modified are MTT, RAA and VvE. MTT and RAA
are easy.

X : A8 Y : -B
{MTT)
XY : -A (semicolon)
! X;A : B & -B {semicolon)
| — = (RAA)

For vE we needlthe idea of two bunches of assumptions, built up using commas
and semicolons) which are exactly the same except that one has a formula A
where the othef has B. We use the notation X[A]l and X[Bl for these.
For example, il A and B are the formulas P and Q respectively, and X[A] is

R&S , (P ; R) ‘l'
then the corresponding bunch X[B] is '
R&S , (Q ; R).
By extension, we can talk of the result of putting a whole bunch, Y, of
assumptions iniplace of A, getting X[Y]. In the above example, if Y were
the bunch P;(Q,R) then XLYl would be

R&S , ((P;(Q,R) ; R).
. s ,
Now we can staée VE in its full generality:

X : Av B YLA] : C Y[(Bl] : €

(VE)
Y(X) : C

Strictly speaking, this is not yet quite enough to specify the system R, for

we should make precise the convention that “"order and repetitions don't matter".
This we do by §tipulating that bunches of assumptions of certain forms are
equivalent and can replace each other anywhere in proofs. The equivalences

are as follows. .

X,W equivalgnt to Y, X
XqY equivalent to Y X
X, (Y,2) equivalent to (X,Y),2
X;(Y;Z)  equivalent to  (X;Y);Z

In addition, in; any position,

-may replace X,
X

X X
x may replace X
|

A bunch of the form X;Y may not have one side empty, so it is convenient to
add a "dummy"” bunch £ (for “fogic”) and specify its characteristic property:

DB g toa
£;X  equivalent to X.
These details are givén only to fill out the account of system R. They are
for information'only: you are not required to memorise them (though if you did),
that would be splendid!). You may, however, be invited to construct proofs

in R using the '"3" and "&" rules, so don't throw this sheet away.
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