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m-calculus?

computational foundation for communication and concurrency
like the \-calculus, but with communication instead of (3-reduction

linear m-calculus?

communication channels must be used exactly once
serves as a target encoding for session types

goal

common underlying framework for type systems for the m-calculus

[session—typed ﬂ—calculus]—{linear W—calculus]

“this




* untyped syntax and semantics
» must support shared channels

= goal: to prove type safety



= syntax

= semantics

" type system
= type safety

= future work



TYPES blue violet, uppercased, indices as subscripts
burnt orange
functions olive green

variables black, in italics



Well-Scoped Syntax
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| VAR, ( VAR, ) PROCESS,

e.g.
yla). (vy)

n

(x(y

(1

0

x : VAR,
x : VAR

n

inaction)

restriction)

input)

(
(
(parallel)
(
(

output)



Structural Congruence

Pl (RIR)=Z(P| Q)R

P Q=EQ|P P 0,
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u@® : UNUSED, @
(P Q) = (v P) | lowery Q u@

PE swapg P

~ s the congruent equivalence closure of =



Reduction Relation

i: VAR,
: CHANNEL, i : CHANNEL,

ij: VAR, P : PROCESS, ;, Q@ : PROCESS,

POP|i{j)Q— i lowerg (P[0 1+j]) uP || Q
red : P —. P’ red : P —. Q
red : P @ —c P’ Q red : P —dec ¢ Q

eq: P~ P red: P —. Q
eqred : P—. Q




untyped syntax type system

operational semantics




Type System

= syntax directed

= independent type and usage contexts
= extra leftover usage context

= intrinsic context splits

= parametrised by a set of usage algebras



Usage Algebra

0- . C
= partial
. 1. . C
= peutral
_=_-_ : C—=C—=C—SET
element 0-
* minimal carrier operation
element 0- L =
. : Lin
. L linear ) =
associative - Lin
= commutative —
G Vxyz
5 AR : Gra
deterministic graded S x=y+4z
) : Gra — Gra
= cancellative S X=y- -z
= decidable shared : Sha =




Indexed Usage Algebras

IDX :SET
JIDX : IDX
USAGE :IDX — SET

ALGEBRAS : (idx : IDX ) — ALGEBRAUsAGE,,.



Capability Notation

capability input / output  multiplicity 0-, 1-, ...

C? =CxC
Ly =0-.0
2 =1-,0
lo =01
ly =11



idx : IDX
n:N t: TYPE x : USAGEZ,,
: TYPE nl|: TYPE t:x|: TYPE

eg. %



Typing Relation

PRECTX,, list of TYPE s of length n
IDXS,, list of IDX s of length n
CTXgxs list of USAGE?s indexed over idxs : IDXS,

idxs : IDXS,,
~v: PRECTX, I CTXjaxs P : PROCESS, A CTXgxs

~v;TEP>A:SET

idxs : IDXS,, idx : IDX
v : PRECTX, T :CTXuxs i: VAR, t:TYPE y: USAGE?dX A CTXgxs

v; 3ty A:SET




Variable Typing Rules

x=y-2z

cyLt M x>t ynl )z

loci : v T S5 ;t;xp>A

loci:v . t' ;T . X2 it;x>A, X



Typing Rules

l:v; T FP> A
rey, AFQ>=
cy; FTEFOBT lr:y; TEP|Q>=




Typing Rules

t: TYPE x: USAGEZ,  y: USAGE 4y
cont : vy tix|;T (v, y)FP>A U

txycont:v;Il'-vPp>A

chanj :~v ;T 3; t:x|:46>=
cont :vy,t; = . xFP > O, Uy

chanj cont :~v ;T Hi()Pr©



Example Derivation

p : PROCESS



Before Leftover Typing

= using functions to update usage contexts

(update; ... N FP
r=i()P

= extrinsic context splits

M=AQ®Z=
AP
ZHQ

P Q



type system
type safety




Subject Congruence

= framing the only resources the well-typedness of a process
depends on are the ones used by it.

= weakening inserting a new variable into the context preserves
the well-typedness of a process as long as the usage
annotation of the inserted variable is preserved as a leftover.

= strengthening removing an unused variable preserves the
well-typedness of a process.

= subject congruence applying structural congruence rules to a
well typed process preserves its well-typedness.



Subject Reduction

" renaming
substituting a variable i for a variable j in a well-typed process
P results in a well-typed process as long as the leftovers at
index j after P are at least the consumption made by P at
index /.

= subject reduction
lety;FTEFP>=and P —. Q,
= if cis ,thenvy; TFHQp>=.
= if cis iand [ 3y > A, theny; AF Q> =.



= prove preservation of well-balancedness
= product types, sum types, recursion

= decidable type checking



thank you!

N N

questions?



Type Safety: Renaming

Renaming with accumulator

Let v; i = P> W;. Let there be some [, W, I'; and W; such that:
LI IFE=T S o N
»y; i3t mo T

sy Wit n> W

v;V;3it;n> V¥

A; =L,

e DR
FL[imj] [ ]

Let there be some A such that T'=A® W. Let A have usage /4
at position i. Then v ; T; =P [i— j]> V.



