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@ Messages are pairs: payload + continuation channel

Dependent session types = linear channels + dependent pairs?

@ Value-dependent session types [Toninho et al., 2011]
@ Liquid Pi [Griffith and Gunter, 2013]
@ Dependent protocols in Idris [Brady, 2017]
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Motivation and Goal

Motivation

Session types = linear channels + pairs + sums [Dardha et al., 2017]
@ Session = chain of one-shot communications

@ Messages are pairs: payload + continuation channel

Dependent session types = linear channels + dependent pairs?

@ Value-dependent session types [Toninho et al., 2011]
@ Liquid Pi [Griffith and Gunter, 2013]
@ Dependent protocols in Idris [Brady, 2017]
@ Dependent session-typed processes [Toninho and Yoshida, 2018]
@ Label-dependent session types [Thiemann and Vasconcelos, 2020]

Yes!
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Goal

Develop a minimal, Agda-based, linear m-calculus with dependent pairs
(DL7) in which dependent session types can be encoded }
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Goal

Develop a minimal, Agda-based, linear m-calculus with dependent pairs
(DL7) in which dependent session types can be encoded J

Analogous expressiveness of Brady [2017]'s DSL and Toninho and Yoshida
[2018]'s calculus, but:

o different type structure
o linear channels + dependent pairs instead of session types

@ Agda mechanisation of the metatheory

o we lift from Agda all the machinery related to dependent types
e computation of data-dependent types and processes

Luca Ciccone, Luca Padovani DL 5 June 2020 4/33



DL7 - Language

© DL~ - Language

bLr SRR By



DL7 - Language

DL7 - Processes

Terms M, N :

Processes P, Q :
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DL7 - Processes

Terms M,N ::=p
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Processes P, Q :
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@ Pure terms injected in DL
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DL7 - Language

DL7 - Types
Domains A, B ¢ A pure types
o,p € {0,1,w} multiplicities
Types t,s = A pure type
| O[] channel type
| X(x:t)s linear dependent pair
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DL - Language

DL7 - Types

Domains A, B ¢ A

o,p € {0,1,w}

Types t,s

A
Pl

pure types
multiplicities

pure type
channel type

Y(x :t)s linear dependent pair

o Multiplicities can be combined with a sum

l1+1=w,wtw=w
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DL - Language

DL7 - Types
Domains A, B ¢ A pure types
o,p € {0,1,w} multiplicities
Types t,s = A pure type

| O[] channel type
| X(x:t)s linear dependent pair

o Multiplicities can be combined with a sum
l1+4l=w,wtw=w
@ Types can be combined
o Partial operation (in Agda represented as a relation)
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DL - Language

DL7 - Types
Domains A, B ¢ A pure types
o,p € {0,1,w} multiplicities
Types t,s = A pure type
| O[] channel type
|

Y(x :t)s linear dependent pair

o Multiplicities can be combined with a sum
l1+4l=w,wtw=w
@ Types can be combined
o Partial operation (in Agda represented as a relation)

@ Pairs are linear

Luca Ciccone, Luca Padovani DL 5 June 2020 7/33



DL7 - Language

Parallel composition

T-PAR
MEP M FQ
M+MnEP|Q
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DL7 - Language

Parallel composition

T-PAR
MEP MHEQ
M+MnEP|Q

@ Resources are combined
[+T= Fl, M dom(Fl) M dom(rz) = @
(u:t,T1)+(u:s,Ta)=(u:t+5s),(T1+T)
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DL7 - Language

Parallel composition

T-PAR
MEP MHEQ
M+MnEP|Q

@ Resources are combined
[+T= Fl, M dom(Fl) M dom(rz) = @
(u:t,T1)+(u:s,Ta)=(u:t+5s),(T1+T)

@ Sum of types
0[] 4. O[] = [
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DL7 - Language

Receive - Send

T-INPUT T-OUTPUT
MbFu:"]  Tox:tFP  TiFu:%t] ToFM:t

F1+F2|—u(x).P |_1+|_2|—U<M>

@ Resources must be combined
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Dependent Pairs

T-PAIR
MEM:t Mo F N:s{[M]/x}

M+TkEMN:X(x:t)s

Luca Ciccone, Luca Padovani DL

5 June 2020

10/33



Dependent Pairs

T-PAIR
MEM:t Mo F N:s{[M]/x}

M+TkEMN:X(x:t)s

o Filter function introduced

Luca Ciccone, Luca Padovani DL

5 June 2020

10/33



Dependent Pairs

T-PAIR
MEM:t Mo F N:s{[M]/x}
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Dependent Pairs

T-PAIR
MEM:t Mo F N:s{[M]/x}

M+TkEMN:X(x:t)s

o Filter function introduced
e Map from DL7 terms to pure terms

[Pl=p [X=x [al=tt  [M,N]=[M]N]

@ From the point of view of types

[Al=A [Pl =T  [Z(x:t)s] = X(x: [t])[s]
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Dependent Pairs

T-PAIR
MEM:t Mo F N:s{[M]/x}

M+TkEMN:X(x:t)s

o Filter function introduced
e Map from DL7 terms to pure terms

Pl=p [=x [adl=tt [M,N]=[MLIN

@ From the point of view of types

[Al=A [Pl =T  [Z(x:t)s] = X(x: [t])[s]

@ Channels are erased
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Dependent Pairs

T-PAIR
MEM:t Mo F N:s{[M]/x}

M+TkEMN:X(x:t)s

o Filter function introduced
e Map from DL7 terms to pure terms

Pl=p [=x [adl=tt [M,N]=[MLIN

@ From the point of view of types

[Al=A [Pl =T  [Z(x:t)s] = X(x: [t])[s]

@ Channels are erased
e No dependency on channels
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DL7 - Agda Formalization

Multiplicities

data Mult : Set where

#0 #1 #w : Mult

data MSplit : Mult — Mult — Mult — Set
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Multiplicities

data Mult : Set where
#0 #1 #w : Mult

data MSplit : Mult — Mult — Mult — Set

@ Types for defining combinations
e Combination of two multiplicities (sum)

@ MSplit ¢ o1 05 is inhabited if and only if 0 = 01 + 0%
@ Relations lifted at type level
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Types

mutual
data Type : Set; where
Pure : Set — Type
Chan : Mult — Mult — Type — Type
Pair : (t: Type) = ([ t] — Type) — Type

[] : Type — Set
[ Pure A] =A
[Chan___] =T
[Pairtf] =>[t]Ax—]fx]
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Types

mutual
data Type : Set; where
Pure : Set — Type
Chan : Mult — Mult — Type — Type
Pair : (t: Type) = ([ t] — Type) — Type

[] : Type — Set
[ Pure A] =A
[Chan___] =T
[Pairtf] =>[t]Ax—]fx]

@ Inductive-Recursive definition
@ Interpretation function

@ Higher level of Set
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DL7 - Agda Formalization

Representation of names

@ Intrinsically typed terms and processes
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DL7 - Agda Formalization

Representation of names

@ Intrinsically typed terms and processes
o Instances are type derivations

data Name : N — Context — (t: Type) — [ t ] — Set; where
here : V{T'tp} — CNull T — Name zero (t# p == T) tp
next : V{ k'tspq} — TNull s — Name kT t p —
Name (suc k) (s# q = T) tp
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DL7 - Agda Formalization

Representation of names

@ Intrinsically typed terms and processes
o Instances are type derivations

data Name : N — Context — (t: Type) — [ t ] — Set; where
here : V{T'tp} — CNull T — Name zero (t# p == T) tp
next : V{ k'tspq} — TNull s — Name kT t p —
Name (suc k) (s# q = T) tp

@ de Bruijn representation
@ Association to Agda value

@ Type isomorphic to natural numbers
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DL7 - Agda Formalization

Representation of terms

T-PAIR
MEM:t Mo = N:s{[M]/x}

M+TaEMN:X(x:t)s

data Term : Context — (t: Type) — [ t] — Set; where
name: V{ kI'tp} — Name k't p— Term T tp
pure : V{T A} -5 CNullT — (p: A) — Term I' (Pure A) p
pair V{TTiTytfpqg} — CSplitT Ty Ty —
Term 'y t p— Term Ty (fp) g — Term T (Pair t f) (p, q)
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DL7 - Agda Formalization

Parallel composition

T-PAR
MEP FQ
F1—|—F2|—P|Q

data Process : Context — Set; where
Par : V{T'T1Ty2 } = CSplit T Ty Ty —
Process 'y — Process I'>, — Process I’
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DL7 - Agda Formalization

Parallel composition

T-PAR
MEP FQ
F1—|—F2|—P]Q

data Process : Context — Set; where
Par : V{T'T1Ty2 } = CSplit T Ty Ty —
Process 'y — Process I'>, — Process I’

@ Resources combined

Luca Ciccone, Luca Padovani DL 5 June 2020 16 /33



DL7 - Agda Formalization

Receive

T-INPUT
I_1|—U:1’O[t] o, x:tFP

|_1 + |_2 - U(X).P

Recv : V{ T t} — CSp”t Ty T —
Term 'y (Chan #1 #0 t) - —
((x: [ t]) — Process (t # x:: T2)) — Process T’
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DL7 - Agda Formalization

Receive

T-INPUT
I_1|—U:1’O[t] o, x:tFP

|_1 + |_2 - U(X).P

Recv : V{ T t} — CSp”t Ty T —
Term 'y (Chan #1 #0 t) - —
((x: [ t]) — Process (t # x:: T2)) — Process T’

e Agda value of a channel omitted (it is tt)
o Continuation inside a function
o Agda value of the received message stored in context
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Pair splitting

T-LET

MEM:X(x:t)s Mo,x:t,y:skP
[Tk letx,y—Min P

Let: V{TT1Tatfpg}— CSplitT I'y Ty —
Term I'y (Pair t f) (p, q) —
Process (t # p:: fp# q :: T2) — Process I’
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Pair splitting

T-LET

MEM:X(x:t)s Mo,x:t,y:skP
[Tk letx,y—Min P

Let: V{TT1Tatfpg}— CSplitT I'y Ty —
Term I'y (Pair t f) (p, q) —
Process (t # p:: fp# q :: T2) — Process I’

o Let reflects the pair construction
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Examples

Example 1: successor of a number

def

Qi(u) = ulx,y).y{x+1)
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Examples

Example 1: successor of a number

def

Qi(u) = ulx,y).y{x+1)

@ Agda code

t; : Type
t1 = Chan #1 #0 (Pair (Pure N) A _ — Chan #0 #1 (Pure N))

Luca Ciccone, Luca Padovani DL 5 June 2020 20/33



Examples

Example 1: successor of a number

Qi) = u(x,y)y(x +1)

@ Agda code
1: Type
t1 = Chan #1 #0 (Pair (Pure N) A _ — Chan #0 #1 (Pure N))

Q1 : Process (t1 # -2 [])
Q1 = Recv (L []) (name (here [[)) A (x, -) —

Let (L[]) (name (here[])) $
Send (R L []) (name (here [])) (pure (P :: []) (x + 1))

@ Resource are distributed where needed

@ Pattern matching on the Agda value of the received message
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Examples

Example 2: predecessor of a number

Q2(u) & u(x,v).v(y, w).w(pred(x,y))
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Examples

Example 2: predecessor of a number

Q2(u) & u(x,v).v(y, w).w(pred(x,y))

ty : Type
tp = Chan #1 #0 (Pair (Pure N) A x —
Chan #1 #0 (Pair (Pure (x £ 0)) A - — Chan #0 #1 (Pure N)))
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Examples

Example 2: predecessor of a number

Q2(u) & u(x,v).v(y, w).w(pred(x,y))

ty : Type
tp = Chan #1 #0 (Pair (Pure N) A x —
Chan #1 #0 (Pair (Pure (x £ 0)) A - — Chan #0 #1 (Pure N)))

Q> : Process (to # _ 2 [])

Q2 = Recv (L []) (name (here [])) A (x, ) —
Let (L[ (name (here [])) $
Recv (RL[]) (name (here [])) A (v, -) —
Let (LR} (name (here[]))$
Send (R L R []) (name (here [])) (pure (P :: P :: []) (pred x y))
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Examples

Example 3: combining successor and predecessor

Qs = xa(x,y).F(x,y)

F(true, y) = Qui(y)
F(false, y) = Qa(y)
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Examples

Example 3: combining successor and predecessor

Qs = xa(x,y).F(x,y)

F(true, y) = Qui(y)
F(false, y) = Qa(y)

tz : Type
ts3 = Chan #w #0 (Pair (Pure Bool) (A b — if b then t; else t))
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Examples

Example 3: combining successor and predecessor

Qs = xa(x, y).F(x,y)

F(true, y) = Qui(y)
F(false, y) = Qa(y)

tz : Type
ts3 = Chan #w #0 (Pair (Pure Bool) (A b — if b then t; else t))

Qs : Process (tz3 # _:: [])
Q3 = Rep (chansclscO:: []) $
Recv (L []) (name (here [])) A
{ (true , -) — Let (L []) (name (here [])) (weaken Q1)
; (false , -) — Let (L []) (name (here [])) (weaken Qy) }

@ Explicit case analysis inside the lambda
@ Weakened processes

Luca Ciccone, Luca Padovani DL 5 June 2020 22/33



© Encoding

bLr S e e



Plain session types

T,S == end | ?'m.T | 'mT | T&S | T®S
m = A| T
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Plain session types

T,S == end | ?'m.T | 'mT | T&S | T®S
m = A| T

@ Branches and Choices involve a single bit
o We assume that it is represented by a Boolean value

@ Branches and Choices introduce a simple dependency
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Encoding [Dardha et al., 2017]

Lend ] = °°[T]
[?m.T] = ;’S[Umﬂ < LT1]
L'm.T] = ""[llm]] < [ T1]
|T &S| ="°[Z(x: Bool) if x then | T|| else | S]]
IT @S| = ' [Z(x : Bool) if x then || T| else | S]]

@ Encoding adapted to DL7: dependent pairs subsume sums
@ One-shot communications
o Payloads have a continuation associated

@ Continuations on send operations are dualized

@ if x then t else s is a term at the functional layer
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Value-dependent session types [Toninho et al., 2011]

T.5 o= -+ | Vx:AT | 3x:

@ Extension with quantifiers
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Value-dependent session types [Toninho et al., 2011]

T.S u= - | Vx:AT | 3x: AT

@ Extension with quantifiers
@ Exchanged messages are bound
e V and 3 represent input/output operations
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Value-dependent session types [Toninho et al., 2011]

T.S u= - | Vx:AT | 3x: AT

@ Extension with quantifiers
@ Exchanged messages are bound
e V and 3 represent input/output operations

@ Properties can be expressed

Vx : N.?(x # 0).N.end
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Value-dependent session types [Toninho et al., 2011]

T.S u= - | Vx:AT | 3x: AT

@ Extension with quantifiers
@ Exchanged messages are bound
e V and 3 represent input/output operations

@ Properties can be expressed

Vx : N.?(x # 0).N.end

@ Extension of the encoding
[Vx : AT] = "O[E(x: A) | T]]
13x: A.T| = " Z(x: AT
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Label-dependent session types [Thiemann and Vasconcelos, 2020]

T,S s=end | ?x:m.T | !x:mS | case x of {T,S}

@ No branches and choices constructs
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Label-dependent session types [Thiemann and Vasconcelos, 2020]

T,S s=end | ?x:m.T | !x:mS | case x of {T,S}

@ No branches and choices constructs
o Label dependency
e case x of {T,S} for pattern matching over a label
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Label-dependent session types [Thiemann and Vasconcelos, 2020]

T,S s=end | ?x:m.T | !x:mS | case x of {T,S}

@ No branches and choices constructs
o Label dependency
e case x of {T,S} for pattern matching over a label

@ We consider boolean values as set of labels
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Encoding of label-dependent session types

lend] = *°[T]
[?2x:m.T| = °[Z(x: [ m])| T

I :m.T| =2 [=(x: [m])|T1]
|case x of {T,S}|| = if x then | T|| else || S]]

@ Again, we take advantage of the functional layer

@ An environment is needed to track labels
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Properties of the encodings

Encodings | -] are not injective

| ?Bool. T ||
|[!Bool. T ||

LT&T|
I T® T]

| Vx : Bool. T ||
| 3x : Bool. T ||

Consequences
@ Semantics of different constructs overlap
@ Encoding is not invertible

@ Decoding [[-]] produces a “canonical” session type that is proved to
be bisimilar to the original one (details in the repository)
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Conclusions

Summary
“Simple” but expressive type system
@ Linear channels + linear dependent pairs

@ Agda: mechanised methatheory + functional layer

@ Capable of encoding dependent session types
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@ Linear channels + linear dependent pairs
@ Agda: mechanised methatheory + functional layer
@ Capable of encoding dependent session types
More in the repository
@ Full structural congruence and reduction
o Implicitly: congruence and reduction preserve typing

e Additional properties
o Linear channels not discarded and used at most once

@ Examples of variable-length protocols
o Recursive protocols (with sized types [Abel, 2010])
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Conclusions

Summary

“Simple” but expressive type system
@ Linear channels + linear dependent pairs
@ Agda: mechanised methatheory + functional layer
@ Capable of encoding dependent session types

More in the repository
@ Full structural congruence and reduction
o Implicitly: congruence and reduction preserve typing
e Additional properties
o Linear channels not discarded and used at most once

@ Examples of variable-length protocols
o Recursive protocols (with sized types [Abel, 2010])
Ongoing work
e Inference of multiplicities, split and null relations (Agda prototype)
e Library implementation of dependent session types (ldris prototype)
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Conclusions

Thank you

https://gitlab.di.unito.it/luca.padovani/DependentLinearPi
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-
Variable-length protocol

Qs = xa(n,v).F(n,v,1)

F(O , v, z)= v(z)
F(n+1, v, z) = v(x,y).F(n,y,x x z)
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-
Variable-length protocol

Qs = wa(n,v).F(n,v,1)
FO v, z)= v(z)
F(n+1, v, z) = v(x,y).F(n,y,x*2)

f: N— Type
f zero = Chan #0 #1 (Pure N)
f (suc n) = Chan #1 #0 (Pair (Pure N) A _ — f n)

tg : Type
ta = Chan #w #0 (Pair (Pure N) f)
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